mension four Gorenstein ring. In ?2 we recall the classification of T. (A) for codimension four Gorenstein rings A. In ? 5 we give examples and ask questions. The remainder of the present section is a discussion of the conventions that are used throughout the paper.
In this paper "ring" means commutative noetherian ring with one. The grade of a proper ideal I in a ring R is the length of the longest regular sequence on R in I. The ideal I of R is called perfect if the grade of I is equal to the projective dimension, pdR(R/I), of the R-module R/I. A grade g ideal I is called a complete intersection if it can be generated by g generators. Complete intersection ideals are necessarily perfect. The grade g ideal I is called an almost complete intersection if it is a perfect ideal which is not a complete intersection and which can be generated by g + 1 generators. The grade g ideal I is called Gorenstein if it is perfect and Extg (R/I, R) _ R/I. Let k be a fixed field. Throughout this paper, we write (0.1) " S. is a graded k -algebra" to mean that S. is a finite dimensional graded-commutative associative kalgebra of the form S. = (D=0 Si with So = k . In particular, In this paper the word "trivial" is given two distinct meanings. Suppose that S. is a graded k-algebra and W is a positively graded S.-module. Then the trivial extension of S. by W, S. x W, is the graded k-algebra whose graded vector space structure is given by S. e W and whose multiplication is given by Elementary results about linkage and DG-algebras may be found in [6 and 17] . In this paper, "DG-algebra" always means associative DG-algebra.
THE STATEMENT OF THE MAIN THEOREM
Let k be a fixed field. In Table 1 .3 we define the graded k-algebras (in the sense of (0.1)) which appear in Theorem 1.5, the main theorem of the paper. Each of these algebras has the form S. = E-o Si with So = k and di = dimk Si. Select bases {xi} for S1, {yi} for S2, {zi} for S3, and {wi} for S4 . View S2 as the direct sum S2 S2. Numerical information about these algebras is collected in Table 1 Note. There are two parts to the proof in [25, 26] . In the first part, a long list of properties for P is compiled such that whenever a map P satisfies all of these properties, then the above indicated multiplication gives M the structure of a DG-algbra. The one property for P that is highlighted in Theorem 3.5 is just one of the many properties from this list; however, it happens to be the only property of P that we use explicitly in ?4. The second, and much more difficult, part of the proof in [25, 26] is to prove that the desired P (a "higher order multiplication" on the resolution L of a codimension four Gorenstein ring) does exist. 1) and (4.2). Observe that the elements xl, ... , x4, which are  defined above (4.6) , form a basis for XI . We know from Lemma 4.14(a) that XI * T12 = 0; consequently, all of the multiplication in XI * T2 and XI * T3 is given in (4.9). Recall the hypothesis that if x is a nonzero element of XI, then either x T2 :$ 0 or x T3 : 0. It follows that the multiplication in X1 * T2 and XI * T3 is described by (4.11) with j = 4. There is no difficulty seeing that the multiplication of (4. We are able to answer most of Question 5.1. All of the potential Tor-algebras which are listed in Theorem 2.2 for grade four Gorenstein ideals actually do exist (see [ 14] for Gorenstein rings whose Tor-algebras are described in Theorem 2.2(c)); consequently, the proof in Cases 1 and 2 (especially Table 4 (k(-2)3 k(-3)10 e k(-4)3) if {i,j , k, l} = {3, 5, 6, 9}, =F (4) (k(-2)3 e k(-3)6 k(-4)3 ) if {i,, j k, } = {2, 3, 6, 9}.
THE PROOF OF THE MAIN
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